Abstract. We compute the mod 2 cohomology groups of real Lagrangians in CalabiYau threefolds using well-behaved torus fibrations constructed by Gross. To do this we study a long exact sequence introduced by Castaño-Bernard-Matessi, which relates the cohomology of the Lagrangians to the cohomology of the Calabi-Yau. We show that the connecting homomorphism in this sequence is given by the map squaring divisor classes in the mirror Calabi-Yau. Applying this result, we compute the mod 2 cohomology groups of real Lagrangians in the quintic threefold and in its mirror.
Introduction
The celebrated Strominger-Yau-Zaslow (SYZ) conjecture [42] relates the complex geometry of a Calabi-Yau threefold with integral affine geometry on a three-dimensional real manifold, the base of a conjectural special Lagrangian torus fibration. Although the construction of special Lagrangian submanifolds is a notoriously difficult problem of geometric analysis, this perspective has nonetheless given rise to substantial progress in understanding mirror symmetry.
In one direction one can weaken the conditions on the torus fibration: Ruan [37] [38] [39] , Gross [20] [21] [22] , and Haase-Zharkov [27] have constructed integral affine manifolds together with topological or Lagrangian torus fibrations on Calabi-Yau toric complete intersections, compatible with the mirror pairs constructed by Batyrev and Borisov [7, 8] . In another direction, one can consider the toric degenerations introduced by Gross-Siebert [25] and obtain the general fibre of a toric degeneration as a torus fibration: see [1, §4] . Such torus fibrations carry a canonical involution. The fixed loci of such involutions are studied in work of Siebert and the first named author [1] , and reviewed in Appendix A.
The compactifications of topological torus fibrations introduced by Gross [20, 21] are analysed in the symplectic category in [13] [14] [15] . In this context the canonical involution is anti-symplectic, and its fixed point locus is a real Lagrangian submanifold. There is an extensive study of such Lagrangians in the literature as they provide an algebro-geometric path to open Gromov-Witten invariants and the Fukaya category. For previous work in this direction, see [16, 17, 34, 41] .
Throughout this article, we study Calabi-Yau threefolds X, together with a well-behaved torus-fibration f : X → B, where B is a Z 2 -homology sphere. These fibrations were constructed in [21] and they satisfy sufficient regularity hypotheses to construct dual fibrations f :X → B in the framework of SYZ mirror symmetry. Given such a well-behaved torus fibration f : X → B, let ι denote the corresponding canonical involution on X. Let L R denote the fixed locus of ι, and let π : L R → B denote the restriction of f to L R . As observed in [13] , there is a short exact sequence of sheaves
Moreover, applying [13, Theorem 1] , the Z 2 -cohomology of L R is determined by the connecting homomorphism
in the associated long exact sequence. The computation of β was stated as an open problem in [13, §1] . In this article we resolve this problem, and give an explicit description of β in terms of the pairing on the cohomology of the mirrorX. Our main result is the following, which appears in the article as Theorem 4.7.
Theorem 1.1. The connecting homomorphism β in the long exact sequence (4.5) coincides with the map
Moreover if, in addition, H 2 (X, Z) ∼ = Z, H 3 (X, Z) contains no 2-torsion, and H 1 (X, Z 2 ) = 0, then
Using Theorem 4.7, we compute the mod 2 cohomology groups of the real Lagrangians L R in the quintic threefold, andL R in the mirror. In particular, we show in §5 that
In some cases the computation of mod 2 cohomology groups of fixed point sets of antisymplectic involutions can be carried out using equivariant localisation theorems [4, 11, 28, 35] . We refer to [10] for previous work in this direction, in the context of symplectic manifolds with Hamiltonian torus actions.
In Appendix B, we investigate the topology of the real Lagrangians L R andL R . In particular, we describe how they change under flips on the base B: an operation which corresponds geometrically to passing between different large complex structure limit points, and large volume limit points, on each side of the mirror. We prove that the flipping operation on B induces Dehn surgeries on L R as well as onL R and we obtain the following invariance result in Theorem B.10. -
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Integral Affine Manifolds with Singularities
In this section we review integral affine manifolds with singularities and polyhedral subdivisions of them. Throughout the section, we fix the lattices M = Z n , N = Hom Z (M, Z)
and denote by M R = M ⊗ Z R, N R = N ⊗ Z R the associated real vector spaces. We set Aff(M ) := M GL n (Z), the group of integral affine transformations of M . Setting ∆ := B \ B 0 , we have that ∆ = {b ∈ B | rank df x < n for some x ∈ f −1 (b)}, and is called the discriminant locus of f .
The base B of a Lagrangian fibration admits the structure of an integral affine manifold with singularities induced from f : X → B.
Definition 2.2. An integral affine structure on an n-dimensional manifold B is given by an open cover {U i } on it, along with coordinate charts ψ i : U i → M R , with transition functions in
An integral affine manifold with singularities is a manifold B, admitting an integral affine structure on a subset B 0 := B \ ∆ for a subset ∆ ⊂ B which is a union of submanifolds of B of codimension at least 2. The union of these submanifolds is called the discriminant locus of B.
The discriminant locus of a Lagrangian fibration f is equal to the discriminant locus of the corresponding integral affine manifold, B. Moreover, the monodromy of the integral affine structure is determined by the holonomy of f , which we discuss in detail in §3. We shall impose strong conditions on B throughout this article; in particular all the integral affine manifolds with singularities we consider are simple. We discuss the simplicity condition in more detail throughout the next subsection.
2.1. The simple case. Given an integral affine manifold with singularities, we can outline a topological approach to the SYZ conjecture. First we form the torus fibration
whereΛ ⊂ T B 0 is the canonical covariant lattice of integral cotangent vectors. We then attempt to construct a 'good' compactification of f 0 ; that is, a space X, and map f which fit into the following commutative diagram.
This approach to topological mirror symmetry is described in [2, Chapter 6] and, using slightly different notation, in [21] . In general it is not clear which compactifications f : X → B should be considered 'good', or how to dualize such a compactification properly. Therefore we restrict to the case of simple integral affine manifolds with singularities, introduced in [25, Definition 1.60]: an indecomposability condition on the local affine monodromy around the discriminant locus of the affine manifold. Importantly, in threedimensions, there are explicit local models for the compactification f : X → B, as described in [2, Chapter 6] . We summarise the local models of this compactification in §3. Moreover, in this case the dual fibration of f is given by a similar compactificationf :X → B of the torus bundlef
using the same explicit local models. We also make use of a related notion, that of G-simplicity.
The condition of G-simplicity implies that the cohomology of the singular fibres is determined by the monodromy of the local system R q f 0 G on B 0 , and is isomorphic to the monodromy invariant part of the cohomology of a nearby non-singular fibre. This condition is crucial to relate the cohomology of X with the one of the dual fibration. In general one can construct G-simple compactifications of f 0 : X 0 → B 0 from an integral affine manifold with singularities B which is simple, in the sense of [25, Definition 1.60] . Moreover, in dimensions less than or equal to three the notions coincide, and simplicity of B is equivalent to the R-simplicity of a particular compactification f : X → B, see [2, Proposition 6.4.3] . Throughout this paper we restrict our attention to T 3 -fibrations with singular fibres, which are Z 2 -simple and obey sufficient regularity hypotheses. For a precise description of these fibrations, which are called well-behaved we refer to [21, Definition 1.2] . Moreover, we focus on well-behaved fibrations which are semi-stable, which means they have singular fibres for which the local monodromy group is unipotent. In particular, a classification of possible monodromy groups of such singular fibres, and a precise description of the discriminant locus near such fibres are provided, which we summarise in §3. The following statements are among the main results of [21] .
Theorem 2.4. Let f : X → B be a well-behaved T 3 -fibration.
1) f is Z-simple and Z/nZ-simple for all n.
2) If f has only semi-stable fibres, then it has a well-behaved dualf :X → B.
It is also shown in [21, Theorem 0.2] that the quintic threefold X ⊂ P 4 has a well-behaved T 3 -fibration with semistable fibres f : X → B. Iff :X → B is the dual fibration, thenX is diffeomorphic to a specific non-singular minimal model of the mirror quintic.
Maximal triangulations.
The notion of polyhedral subdivision or triangulation is central to the study of mirror symmetry via integral affine structures. When working with integral affine structures related to toric Calabi-Yau complete intersections such decompositions may be obtained from maximal triangulations of the dual pair of reflexive polytopes associated with the corresponding toric variety. We refer to [24] for more details on this subject. For the essence of maximal triangulations in the study of well-behaved fibrations see also [21, §3] .
Definition 2.5. A maximal triangulation P of a polytope Ξ ⊂ M R is a simplicial decomposition of Ξ, such that the set of 0-simplices is equal to the set integral points Ξ ∩ M . A triangulation is projective if there exists a strictly convex height function h Ξ : M R → Z which is linear on each simplex τ ∈ T Ξ, where T Ξ denotes the affine tangent space of Ξ.
We recall the following proposition of Gelfand, Kapranov, and Zelevinski, [29, Proposition 3] , which provides maximal projective triangulations for arbitrary integral polyhedra Ξ. Proposition 2.6. Let Ξ ⊂ M R be a lattice polytope. Then there exists a maximal projective triangulation on Ξ.
A maximal projective triangulation of a lattice polytope Ξ also defines an induced triangulation on the boundary ∂Ξ. In the case that Ξ is a reflexive polytope, there is toric morphism induced by the (identity) map of fans Σ Ξ → Σ Ξ . Here Σ Ξ is the fan over faces of the triangulation of ∂Ξ, and Σ Ξ is the fan over faces of Ξ. Moreover this morphism is a projective and crepant partial resolution of singularities [7, Theorem 2.2.24] . We refer to these morphisms maximal projective crepant partial (MPCP) resolutions.
One of the important consequence of the existence of maximal projective subdivisions, and the reason we will restrict our attention to them, is that the integral affine manifolds endowed with such decompositions are simple, [22, Theorem 3.16] . We now describe the connection between MPCP resolutions and the construction of an integral affine structure in the case of our central example, B ∼ = ∂∆ P 4 .
2.3. The quintic threefold. By way of example, we describe the base B of a fibration of the quintic threefold as an integral affine manifold with simple singularities and the polyhedral decomposition P on B, see also [19, §19.3] , and [13, Example 6] . Let ∆ P 4 be the moment polytope of the toric variety P 4 , with the usual anti-canonical polarization.
∆ P 4 is the 4-simplex given by the convex hull of the points
We set B := ∂∆ P 4 , the boundary of ∆ P 4 . Thus B is the union of 5 tetrahedra, glued pairwise to each other along a common triangular face, which we illustrate in Figure 3 .1.
Note that B contains ten triangular faces, ten edges, and five vertices. Also note that B is homeomorphic to a 3-sphere. Let σ ijk denote the triangular face of ∆ P 4 spanned by the vertices P i ,P j , and P k . Fix a regular triangulation of each face σ ijk (such that the vertices of this triangulation are the integral points of σ ijk ). Let ∆ ijk be the union of the one dimensional cells in the first barycentric subdivision of this triangulation which do not contain an integral point of σ ijk . We illustrate ∆ ijk (for one choice of triangulation) in Figure 2 .1 in red; while the triangulation of σ ijk is displayed in black. Fixing the choice of triangulation shown in Figure 2 .1 on every triangular face determines an integral affine manifold with singularities B. We fix any choice of (maximal, integral) triangulation P which extends the chosen triangulation of the faces σ ijk .
Finally we set the discriminant locus
The affine structure on B 0 := B \ ∆ is described in [19, p. 157] . Over the interior of each tetrahedron in ∂∆ P 4 the integral affine structure is obtained by restriction from the embedding ∆ P 4 → R 4 . There are two sorts of vertices of ∆: the vertices that are in the interior of a triangular face, which we refer to as negative vertices; and the vertices that are in the interiors of edges, which we refer to refer as positive vertices, following the convention used in [13, p. 241] . We describe the monodromy of the affine structure around each type of vertex in more detail in §3.
Note that the polyhedral subdivision on B = ∂∆ P 4 is maximal projective. There are, of course, many choices of such subdivisions on B = ∂∆ P 4 . Moreover any choice of maximal projective triangulation corresponds to a choice of a crepant resolution of a hypersurface in the toric variety associated to the fan over the faces of ∆ P 4 -the mirror proposed in [9, 18] . All such crepant resolutions of the mirror hypersurface are related to each other by applying flips to the subdivision as described in §B. In §B we show that the ranks of the mod 2 cohomology groups of the real Lagrangians in the quintic threefold we compute throughout this paper are independent of this choice of the maximal projective subdivision on B.
The Real Locus as a Multi-section
We are now in a position to introduce our main actors. This section has considerable overlap with [13, Section 2] . Throughout this article we let B be an integral affine manifold with simple singularities, and make use of the following conventions. Let
We let f 0 : X 0 → B 0 denote the restriction of f to X 0 := f −1 (B 0 ). We view each fibre of
There is a canonical involution on each such fibre, given by taking x → −x. The fixed points of this involution can be represented as the eight half-integral points in the unit cube as illustrated in Figure 3 .2. This involution on B 0 extends over fibres f −1 (p) for p ∈ ∆, hence defines an involution on X, whose fixed locus is an 2 3 -to-1 branched cover over B. For technical details on extending the fixed locus over the discriminant locus we refer to [15, §3] , and -in a more general set-up -to [1, Well-behaved fibrations f : X → B, are constructed as a compactification of f 0 by Gross; for concrete accounts we refer to [2, 14, 21] . While we do not recall the full definition of the map f , we briefly recall a description of the fibres used in the compactification.
(1) If p ∈ ∆ is a point which is not a vertex of ∆, then f −1 (b) is homeomorphic to the product of a pinched torus with S 1 .
(2) If p ∈ ∆ is a positive vertex, that is a vertex of ∆ contained in an edge of
, or a = a = 1; and where S 1 is identified with the unit circle in C. This is a three dimensional analogue of a pinched torus and χ(f −1 (b)) = 1.
(3) If p ∈ ∆ is a negative vertex, that is a vertex of ∆ contained in the relative interior of a 2-face of
The singular locus of this fibre is a figure eight, and χ(f −1 (b)) = −1.
Notation 3.1. Let π : L R → B denote the restriction of f to the fixed point locus of ι : X → X, and let π 0 denote the restriction of π to π −1 (B 0 ). Similarly, we letL R denote the fixed point locus of the corresponding involution on the mirror fibrationf :X → B. 
Note that the definition of affine monodromy is independent of the representative γ ∈ π 1 (B, p), [5, 6] . The affine monodromy is, by definition, the inverse transpose of the linear part of the standard monodromy representation around a loop γ in B 0 , which we denote T γ , see [ 3.1. The quintic threefold. In the remaining part of this section we restrict our attention to the case of the quintic threefold as discussed in §2.3. We illustrate B, together with some positive and negative vertices, in this case in Figure 3 .1. We describe the monodromy T γ ∈ Gl n (Z) around certain loops γ :
observe that, in an affine neighbourhood of v, the strata of ∂∆ P 4 containing v form a fan, isomorphic to the fan of P 3 . We identify this neighbourhood of v with a domain in R 3 with its standard integral affine structure, and let {e i : i ∈ {1, 2, 3}} denote the standard basis We enumerate these four ray generators, setting d i := e i for i ∈ {1, 2, 3}, and setting d 4 := −e 1 − e 2 − e 3 . Let τ i , i ∈ {1, . . . , 4} denote the edge of ∆ P 4 containing v with tangent direction d i at v. Let σ ij denote the face of ∆ P 4 containing the edges τ i and τ j , for i, j ∈ {1, . . . , 4}. Consider segments of the singular locus ∆, contained in σ ij for i, j ∈ {1, . . . , 4}, as shown in Figure 3 .3. Define the loops γ ij,k , where k ∈ {i, j}, to be loops based at v passing singly around the segment of the singular locus contained in σ ij which meets the ray indexed by k. Examples of such loops γ ij,k are also indicated in Figure 3 .3. We orient the loops γ ij,k by insisting that the tangent vector of γ ij,k at the unique point (other than v) at which the image of γ ij,k intersects σ ij pairs positively with the normal vector n ij to σ ij . Note that n ij is uniquely determined since σ ij is oriented as the ray generators lying on τ i and τ j respectively form an ordered basis of the linear span of σ ij . The monodromy in T B 0 around around γ ij,k is given by the map Note that the face σ ij is invariant under the linear transformation T ij,k . In Figure 3 .3 we illustrate examples of various γ ij,k passing around an edge of the discriminant locus ∆ adjacent to both a negative and a positive vertex. The monodromy matrices around edges adjacent to two negative vertices are described analogously. We compute the action of each (T t ij,k ) −1 on the 2-torsion points (
where Λ is the sheaf of integral tangent vectors. This set is in one-to-one correspondence with the set of the following eight vectors.
Observe that u 0 remains invariant under all the monodromy transformations
Thus there is a connected component of the real Lagrangian L R ⊂ X homeomorphic to S 3 . Considering the action of T ij,k on the torsion points u i , for i = {1, . . . , 7}, the permutations induced on the indices of these seven vectors form the following set of double transpositions: 
Proof of The Main Results
4.1.
Sq is equal to β. Let B be a three dimensional integral affine manifold with simple singularities, and let
denote the compactification of the T 3 -fibration f 0 : T B/Λ → B 0 to a well-behaved torus fibration, as described at the beginning of §3. Recall from Definition 2.1 that the fibration f has singular fibres over the discriminant locus ∆ ⊂ B. Let
be the involution whose restriction to smooth fibres is given by x → −x. Recall that we let π denote the restriction of the map f to the fixed point locus L R of ι. The map π is a 2 3 -to-1 branched covering of B, ramified over ∆, as described in §3.
In [13] the authors prove that there is a short exact sequence relating π L R to the sheaves R 1 f Z 2 and R 2 f Z 2 . We recall its construction in Proposition 4.2 below. The associated long exact sequence relates the mod 2 cohomology groups of L R with the affine Hodge groups
3}. An open question -stated in the introduction of [13] -is to compute the connecting homomorphism
induced by (4.3) in explicit examples; such as the quintic threefold, or complete intersections in toric manifolds. We give an answer to this question, applicable to any example, in Theorem 4.7; allowing us to deduce the ranks of the mod 2 cohomology groups of L R . Following [13, §3] , we introduce the sheaves 
with the fibre π −1 (p) for any p ∈ B 0 . The group G ∨ p is the dual group to G p , following the notation used in [13] .
Before proceeding we fix the following notational convention. Given a set V and U ⊂ V , we let 1 U : V → Z 2 denote the indicator function
There is a short exact sequence of sheaves
Proof. We first define the short exact sequence (4.3) over the locus B 0 = B \ ∆, recalling that ∆ ⊂ B denotes the discriminant locus. In particular, we first describe a short exact sequence of sheaves
where C is the constant sheaf Z 2 2 . Recalling the identifications described in Remark 4.1,
The stalk G p is nothing but the set of (set theoretic) maps from G p to Z 2 , while the set of linear maps from G p to Z 2 is equal to G The set of maps generated by 1 {0} and the constant function 1 V is denoted by
The map G → G in (4.4) is defined as follows: Let g be an element of the group G p ; one can show that every class in the quotient of G p by G ∨ p ⊕ C p is represented by an element 1 {g} for a unique g ∈ G p . Hence the map from G p to G p sends every element in the class of 1 {g} to g. This map is linear, and extends to a morphism of sheaves. Using Z 2 -simplicity, we push forward the sheaves in the short exact sequence (4.4) by j , where j : B 0 → B denotes the canonical inclusion, to obtain the exact sequence (4.3).
Observe that, since B is a Z 2 -homology sphere,
for each j ∈ {1, 2}. Moreover, in this setting, the long exact sequence associated to the short exact sequence described in Proposition 4.2 simplifies to
The Leray spectral sequence associated to the function π : L R → B has the form
Noting that the sheaf R i π Z 2 is trivial for all i ∈ Z >0 , we conclude that
for all i ∈ {0, 1, 2, 3}. To deduce the ranks of the cohomology groups of the real locus L R using (4.6), it suffices to compute the connecting homomorphism β in the sequence (4.5).
In order to describe β we make use of the following dualities between sheaves associated to the fibration f andf , following [20, §2] . 
Fixing a point p ∈ B 0 , these identifications specialise to the usual isomorphisms
of stalks at p, for a ∈ {1, 2}.
Proof. These identifications follow immediately from the Z 2 -simplicity of f andf , see [20, (2.1) ].
The isomorphisms µ 1 and µ 2 in Lemma 4.3, define isomorphisms onCech cohomology groups, which we denote byμ i :
We also observe that we can remove the constant sheaf factors appearing the sequence (4.3), and throughout this section we work with the following sequence.
Lemma 4.4. There is a short exact sequence of sheaves
where
Proof. Fixing a point p ∈ B 0 , the inclusion C = Z g(i) ,
for each g ∈ G p . Pushing forward along the inclusion j : B 0 → B, and noting that π Z 2 = j G , we obtain a splitting
We now describe the connecting homomorphism β via the snake lemma applied to the sequence ofCech complexes of the sheaves appearing in the short exact sequence (4.7). We remark that -using the fact that B is a Z 2 -homology sphere -the map β coincides with the connecting homomorphism from
in the long exact sequence associated to (4.7).
We fix an open cover U of B which is a Leray cover for all the sheaves appearing in (4.7). Assume moreover that every intersection of open sets in U is either empty or contractible, and that no intersection of three open sets in U intersects ∆. Letting I be an index set for U, and given distinct elements i 1 , . . . i k ∈ I, we define
where U i denotes the element of U indexed by i ∈ I. Recall that, in general,
for any k ∈ Z >0 , any subset {i 1 , . . . , i k } ⊂ I of size k, and any a ∈ {1, 2}. Moreover, by
for each a ∈ {1, 2}. Fixing a base point p ∈ U i 1 ,...,i k ∩B 0 , this group is canonically isomorphic to the subspace of
which is monodromy invariant around every loop in U i 1 ,...,i k ∩ B 0 based at p. Hence we may identify elements of
with a subspace of the vector space of tuples
where each α i,j is monodromy invariant around loops in U i,j ∩ B 0 , and hence uniquely determines an element of
Lemma 4.5. Let α = α i,j ∈ H 2 (T 3 , Z 2 ) : i, j ∈ I, i = j be a cocycle, and let [α] be the
is represented by the cocycle
defined as follows. If α i,j , α i,k , and α j,k are pairwise distinct,
the unique generator of the annihilator of the span
Otherwise, if α i,j , α i,k , and α j,k are not all pairwise distinct, ξ i,j,k := 0.
Proof. The long exact sequence ofCech cohomology groups associated to a short exact sequence of sheaves agrees with that defined using derived functor cohomology. To describe the image of β inCech cohomology we identify β with the connecting homomorphism obtained from the snake lemma applied to the short exact sequence ofCech complexes
Recall that we chose the cover U of B such that no triple intersection U i,j,k of open sets intersects ∆. Hence R 2 f Z 2 is locally constant over U i,j,k . Thus we have that, for all
where F is as described in Lemma 4.4 and i, j, k ∈ I are pairwise distinct indices. We describe β using the following part of the exact sequence (4.9), where δ i denote theCech coboundary maps for i ∈ {1, 2, 3}.
Note that, given pairwise distinct indices i, j, k ∈ I, since α is a cocycle, we have
whereᾱ i,j denotes the class of the indicator function 1 α i,j in Γ(U i,j , F). Note that, in this notation, φ 1 :
for any pairwise distinct indices i, j, and k in I, we have that δ 2 (ᾱ) i,j,k is represented by the function
. Following the proof of the snake lemma,
It thus remains to check that we can take ζ to the be cocycle ξ as described in the statement of the Lemma. We verify this in each of the following situations.
(1) The cohomology classes α i,j , α j,k , and α i,k are pairwise distinct. In this case the three elements α i,j , α j,k , and α i,k lie in a unique two dimensional subspace W of
this case ξ i,j,k is the unique non-zero linear map on V which generates the annihilator of W . Regarding ξ i,j,k as an element of Z V 2 , we have that
The cohomology classes α i,j , α j,k , and α i,k are not all distinct. In this case at least one of α i,j , α j,k , and α i,k is zero. It follows that δ 2 (ᾱ) i,j,k is represented by the indicator function of the origin, which vanishes in the group Z V 2 / 1 {0} , 1 V . In this case we also recall that ξ i,j,k := 0 ∈ V . Therefore, ι 2 (ξ) i,j,k coincides with δ 2 (ᾱ) i,j,k for all values of i, j, k ∈ I, as required.
We now make use of the description of β : To show this, we use the description of the cup product inCech cohomology [12, IV 6.8], which we recall in the following remark.
Remark 4.6. Given cochains α ∈ C a (B, I) and β ∈ C b (B, J ) for sheaves I and J , the product α ⊗ β ∈ C a+b (B, I ⊗ J ), is defined by setting
where the subscript indices are interpreted cyclically. This product is compatible with the Leray spectral sequence and the usual cup product.
Theorem 4.7. Using the identifications given in Lemma 4.3, the connecting homomorphism β in the long exact sequence (4.5) is identical to the map
Proof. As described in Remark 4.6, the cup product admits a description viaCech cohomology. Fix a cocycle
and let D denote the class it represents in
Analogously to our treatment of α ∈ C 1 (B, R 2 f Z 2 ) in (4.8), we identify each element
In particular, fixing a basepoint
for any pairwise distinct indices i, j, and k ∈ I. Hence, as in Lemma 4.5, we are in one of the following two situations.
(1) D i,j = e 1 , D j,k = e 2 , and D i,k = e 1 + e 2 , for a basis {e 1 , e 2 , e 3 } of
By Remark 4.6, we have
= e 1 e 2 + e 2 (e 1 + e 2 ) + e 1 (e 1 + e 2 ) = 3e 1 e 2 + e 2 1 + e 2 2 . Recall that the cohomology algebra of the torus is the exterior algebra generated by e 1 , e 2 , e 3 and hence, where the final equality uses the standard identification 
Thus we have that β(α) i,j and Sq( D) i,j are identified (by µ 2 ) for any distinct i and j in I, from which the result follows.
Remark 4.8. If X andX are simply connected, 
Moreover if, in addition,
Proof. Consider the following terms of the long exact sequence (4.5),
The identity (4.12) will follow from the fact that H 1 (B, Z 2 ) and H 0 (B, R 2 f Z 2 ) both vanish. First note that -as B is a Z 2 -homology sphere -we immediately obtain the vanishing of H 1 (B, Z 2 ). Second, using the Leray spectral sequence forf and the vanishing of H 2 (B,f Z 2 ), we obtain an surjection
Since, by assumption, H 1 (X, Z 2 ) = 0, it follows that H 0 (B, R 1f Z 2 ) = 0 and so (4.12)
follows from Lemma 4.3.
To prove the identity (4.13) it suffices to show that β is a rank one map, and that
By the universal coefficient theorem -and the fact that H 3 (X, Z)
contains no 2-torsion -we have that
Since B is a Z 2 -homology sphere, and fibres off are connected,
is a graded piece of the Leray filtration of H 1 (X, Z 2 ) = 0, and
. Since the triple intersection form onX is non-degenerate, the map Sq has full rank in this case, from which the result follows.
Example: the Quintic Threefold and its Mirror
Theorem 5.1. Letf :X → B be the mirror to the quintic threefold X. The real locus
Proof. The mirrorX to X satisfies the conditions of Corollary 4.9, and hence the result follows. Note that the image of β therefore lies in the class Poincaré dual to the class of a plane quintic curve.
Proof. First note that, in this case, the long exact sequence (4.5) takes the form
Using Theorem 4.7, the dimension of the kernel of β is equal to the dimension of the kernel of the map Sq : D → D 2 on the mirror quinticX. In particular, the result that
from an explicit calculation of the map Sq, which we explain below.
The triple intersection form on
. This makes use of a generating set A for H 2 (X, Z), consisting of the following classes.
(1) Five classes L i , corresponding to intersections of torus invariant divisors with the mirror quintic before an MPCP resolution is made. We let M denote the corresponding matrix, with entries in Z 2 . Separating the set A into three classes, as above, M is a block matrix with 9 sub-blocks. Note that, by inspection of [21, Proposition 4.2] the matrix M is symmetric, and hence it is enough to specify 6 blocks: Assembling this block matrix using MAGMA, we compute that M has rank 93, and hence kernel Sq = 8. Therefore, we obtain h 1 (L R R, Z 2 ) = 9.
Appendix A. An Algebro-geometric Approach to SYZ
In this Appendix we outline an alternative construction of the real Lagrangian considered in this article, which suggests that the torus fibration and real Lagrangian considered can be obtained from the Kato-Nakayama space [1] . For this we consider a toric degeneration of Calabi-Yau's and describe the topology of these degenerations explicitly via the KatoNakayama space of the central fibre as a log space. This offers a number of advantages; in particular it replaces a single compactification with a moduli space of real loci. Moreover, this construction is intrinsic to the Gross-Siebert algorithm [26] , which is an algebrogeometric approach the SYZ-conjecture in mirror symmetry. It thus provides a systematic way of introducing real structures into a fundamental mirror symmetry construction. This Appendix has considerable overlap with the paper [1] .
A.1. Toric degenerations. In this section we review toric degenerations, introduced in [25] .
Definition A.1. Let R be a discrete valuation ring with closed point 0. A toric degeneration π : X → Spec R is a flat family whose generic fibre is a normal algebraic space and whose central fibre is a union of toric varieties glued along toric boundary strata. Moreover, we assume X is polarized, and require that there exists a closed subset Z ⊂ X of relative codimension at least two, not containing any toric strata of X 0 , such that every point in X \ Z has a neighbourhood which isétale locally equivalent to an affine toric variety. We refer to Z as the log-singular locus on X and to (A.1)
as the log singular locus on X 0 .
We will restrict ourselves to toric degenerations of Calabi-Yau varieties, while much of the discussions will hold in greater generality. Moreover, unlike in [25] , we will assume for simplicity that the central fibre is projective and has no self-intersections. Example A.2. A toric degeneration of the quintic threefold in P 4 is given by
for a generic degree 5 homogeneous polynomial f 5 .
Note that the degeneration of the quintic threefold in Example A.2 is not the one we considered throughout this paper to construct real Lagrangians, as it does not satisfy the simplicity condition in §2, see [25, Definition 1.60]. Indeed, one can not guarantee the smoothability of the central fiber in this generality. However, it is shown in [22] that, after blowing up the central fiber of this degeneration, one can reduce it to the simple case.
A.2. The intersection and dual intersection complexes. Given a toric degeneration we can associate a pair of integral affine manifolds with singularities, endowed with polyhedral decompositions, called the dual intersection complex and the intersection complex respectively.
Note that the central fiber of a degeneration has normal crossing singularities, and thus the dual intersection complex is a simplicial complex and coincides with the usual notion of dual intersection complex for a normal crossings divisor. For details of the construction of the dual intersection complex associated to a toric degeneration we refer to [25, §4.1] .
To describe the intersection complex (B, P), where B is an integral affine manifold with singularities endowed with a polyhedral decomposition P, we define P to be set of momentum polytopes of the toric strata of the central fibre. Let P max ⊂ P be the maximal elements under inclusion. For each τ ∈ P let X τ ⊂ X 0 denote the associated toric stratum. We define
which is a cell complex with attaching maps determined by the combinatorial structure of X 0 . By [40, Proposition 3.1], there is a generalized momentum map, (A.2) µ : X 0 → B which restricts to the standard toric momentum map X τ → τ on each toric stratum of X 0 . The intersection complex and the dual intersection complex associated to a toric degeneration are related by an operation called the discrete Legendre transform. Hence the dual intersection complex associated to a toric degeneration may be viewed as the intersection complex of the mirror degeneration [25, §4.1].
A.3. Combinatorial data. One of the main achievements of the Gross-Siebert program [26] is to reconstruct a toric degeneration starting from an integral affine manifold with singularities B endowed with additional combinatorial data. This additional combinatorial data is given by a tuple, (B, P, ϕ, s).
Here P is a polyhedral decomposition on B, and ϕ a multi-valued piecewise linear function on B taking integral values at vertices of P. Moreover, we require the maximal domains of linearity agree with maximal cells of P. The entry s records the gluing data which we discuss in a moment.
Note that, analogous to the situation in toric geometry; where one can start either with a toric fan or moment cone, we may either start with the dual intersection complex or the intersection complex to construct a toric degeneration from combinatorial data. The Gross-Siebert reconstruction algorithm, as described in [26] , used the intersection complex. Later, starting from [23] , the dual intersection complex has been more heavily exploited, and tropical data is usually defined on this side. Throughout this section we assume B is the intersection complex.
To reconstruct a toric degeneration from (B, P, ϕ, s), one first defines a monoid ring associated to each vertex v ∈ P, by taking the upper convex hull of ϕ. Taking the integral points in this hull one obtains a monoid ring M v around each vertex v ∈ P. The spectra of the corresponding monoid rings defines an affine cover for the total space of the toric degeneration. One then needs to determine how to patch these affine pieces together to obtain the coordinate ring of the total space of the degeneration, by a wallcrossing algorithm. For details of this reconstruction we refer to [26] . To obtain a unique degeneration we fix gluing data, given by a collection of maps Λ τ → C × , where τ ∈ P is a codimension one cell and Λ τ is a local system given by integral tangent vectors along τ . Roughly speaking, gluing data is the data determining how the big torus orbits on the toric irreducible components of the central fiber are glued together. For details of this we refer to [26] , and for real gluing data, used to construct real toric degenerations we refer to [1] .
A.4. The Kato-Nakayama space. We outline how to study the general fiber of the toric degeneration up to homeomorphism via the construction of the Kato-Nakayama space [30, 31] of a log space. The initial combinatorial data to construct Kato-Nakayama spaces is the same as discussed in §A.3, and is given by (B, P, ϕ, s). Since we assume the total space is polarized, B comes naturally equipped with the piecewise linear function ϕ. From the triple (B, P, ϕ), we can construct a union of toric varieties X 0 , which will serve as the central fiber of the degeneration. We do this by viewing B as the intersection complex; in particular the maximal cells of B correspond to images of toric irreducible components of X 0 under the generalized moment map µ : X 0 → B. We then endow X 0 with a log structure, which will determine the singular affine structure on B. As it is a rather separate machinery, we will not recall the theory of log schemes here, and encourage the interested reader to look at [30] . By [25, Theorem 5.4] , fixing (B, P, ϕ), there is a moduli space of log structures on X 0 inducing the integral affine structure with discriminant locus ∆ in B. This moduli space of log structures on the central fiber is parametrised by a choice of gluing data s, as in [25, §5] . Note that changing the gluing data produces different real Lagrangians on the general fibre. Throughout this paper, the real Lagrangians studied are formed by the choice of trivial gluing data [1, Remark 4.16] . For the study of such Lagrangians obtained by non-trivial gluing data in some cases see [1, §5.3] .
Fixing the central fiber X 0 -together with a log structure -we can describe the general fiber X t , as a torus bundle over B away from the image of the log singular locus ∆ ⊂ B, up to homeomorphism. We do this by constructing the topological space referred to as the Kato-Nakayama space or the Betti realization associated to the tuple (X 0 , M X 0 ), denoted by X is the smallest topology for which both of these maps are continuous, see [33, Definition 3.2.3] . Moreover, it follows from the main result of [32] that the analytic model of the family X is homeomorphic to the pre-image of a small circle about 0 in T , for details see [1, §4] . In particular we obtain, → X 0 → B be the composition of the projection map from the Kato-Nakayama space of X 0 to itself, with the generalised momentum map. Away from the discriminant locus,
is a torus fibration and the restriction
is a bundle of real 3-tori over B 0 . On the real locus X Restricting our attention to the real locus in X KN 0 (1), we obtain necessary and sufficient criteria, in terms of the gluing data, for it to extend as a section over B. This is shown in in [1, Lemma 4.7] . A natural question to ask then if there is a reasonably unique way to compactify a torus fibration over B 0 = B \ ∆ to a Lagrangian fibration over B, fitting into the StromingerYau-Zaslow picture [42] , such that the compactification is homeomorphic to the KatoNakayama space X KN 0 (1). It is proposed by Gross and Siebert, [22, Theorem 0.2] , that for a choice of gluing data discussed in §A.3, which is equivalent to fixing an element B ∈ H 1 (B, i Λ ⊗ (R/Z)), a such compactification exists.
Conjecture A.4. Let X → S be a toric degeneration, with dual intersection complex B.
(a) For t = 0, X t is a topological compactification of X(B 0 , B) for some is expected to follow from a direct comparision of the fibrations studied by Gross [20, 22] and fibrations obtained via Kato-Nakayama spaces [1] . The details of this will be the focus of future work.
A.5. Connection to Batyrev-Borisov families. The Batyrev-Borisov construction [8, 9] is a 'classical' method for describing mirror families of Calabi-Yau varieties. The CalabiYau varieties considered by Batyrev-Borisov are complete intersections in toric varieties, and mirror duality arises from a combinatorial duality of the ambient toric spaces. In [22] , it is shown that the Gross-Siebert algorithm is compatible with this construction; that is, that the mirror pairs obtained in [9] admit dual toric degenerations.
Given a Calabi-Yau complete intersections X in a toric variety, the dualf :X → B is expected to be diffeomorphic to a specific non-singular minimal model of the mirror. This is proven for the quintic threefold in [21, Theorem 0.2] , and is expected to follow analogously for complete intersections in toric varieties following [22] . Indeed, in general, it is expected that birationally equivalent Calabi-Yau threefolds have the same mirror, but correspond to different large complex structure limit points [3] . Thus it is expected that different mirrors have well-behaved fibrations related by flips on the base B as in [21, §4] (note that in [21] , the flipping operation we describe in the next section, is referred to as As we describe it combinatorially -and apply it to both sides of the mirrorwe refer to this operation as a flip).
Appendix B. Flips and Dehn Surgeries on the Real Locus
Let B be an integral affine manifold with simple singularities endowed with a maximal triangulation P, as in §2.2. As above, we let f andf denote the compactified torus fibrations considered in §3. We define a flip on P in Definition B.1 and show that it induces a Dehn surgery on the real loci L R ⊂ X andL R ⊂X. We prove that under this surgery h 1 (L R , Z 2 ) remains invariant.
Definition B.1. Let E be an edge of the triangulation P of B such that ∆ intersects E in a single point contained in a segment of ∆ between a pair of negative vertices. Assume moreover that these two negative vertices are contained in two-dimensional faces τ 1 and τ 2 of P respectively. Moreover, we assume that the union τ = τ 1 ∪ τ 2 forms a quadrilateral which is strictly convex at its four vertices. A flip of P is obtained by replacing E with the diagonal between the two vertices of τ not contained in E. This induces a transformation of ∆, illustrated in Figure B. 1.
Remark B.2. Note that since the discriminant locus lies inside the the two-dimensional faces of B, the topology of the real locus depends only on the triangulation on the 2-faces of B, rather than on the full choice of triangulation of each facet.
Notation B.3. Given a pair of negative vertices v 1 , v 2 ∈ ∆, connected by a line segment e ⊂ ∆, we fix a small neighbourhood U of e such that D :=Ū is homeomorphic to a closed 3-ball. We choose D small enough, such that it contains no trivalent points of ∆ other Let γ y i denote a loop in ∂D, based at z and tracing around y i (as described in Notation B.3). By the monodromy computation in §3, we may assume -without loss of generality -that γ y i acts on π −1 (z) = {p 0 , . . . , p 7 } by permuting the indices of these points as in Table 1 . Hence, for example, a loop in ∂D around y 1 based at z fixes p 0 , p 3 , p 4 and p 5 , exchanges p 1 with p 2 , and exchanges p 6 with p 7 . Moreover a loop in D based at z passing singly around the segment e induces the permutation (12)(45) on π −1 (z). Note that we illustrate the cross section of the real locus over ∆ in Figure B contains exactly five connected components. We refer to these connected components as We observe that L 0 and L 1 are sections of π, and hence homeomorphic to D. We next consider the component L 1,2 . This manifold with boundary is the double cover of D branched over the curve illustrated with a solid line in the left-hand image in Figure B. 3. This curve is contained in ∆ and its end points are mapped to ∂D. That is, L 1,2 is the branched double cover of D in an (unknotted) curve with end points on ∂D. It is easily verified that this is homeomorphic to a 3-ball. We note that the same analysis applies to L 4,5 ; the boundary of which is a 2-to-1 cover branched over y 2 and y 4 .
Finally, we consider L D := L 6,7 . This manifold with boundary is the double cover of D branched in the locus shown with a solid line in the right-hand image in Figure B. 3. That is, L 6,7 is homeomorphic to the double covering of a 3-ball branched over two properly embedded unknotted arcs, which is well-known to be homeomorphic to a solid torus [36, pg 299] .
To study the effect of a flip on the topology of L D we introduce curves γ 1 and γ 2 in ∂D as illustrated in Figure B .5. In particular, for each i ∈ {1, 2}, we let γ i : [0, 1] → ∂D be a curve such that γ i ((0, 1)) ∩ ∆ = ∅, and such that: Applying a suitable homotopy, we can identify γ 2 with the composition of γ 1 and the image of a meridian curve. Thus -choosing suitable orientations -the new meridian has class is m + l, which defines a Dehn surgery with coefficient 1.
Remark B.8. It suffices to define the image of the meridian class to describe a Dehn surgery. However, note also that the class of the longitude defined by γ 2 maps again into the class of a longitude γ 2 illustrated in Figure B .6.
We now describe the effect of a flip on the mirror side. Recall thatπ denote the restriction off :X → B to the fixed point locusL R . Proof. The monodromy transformations forL → B are the inverse transpose of the ones for f : X → B as discussed in §3. In this case we obtain a component ofL R which is a 4-to-1 branched cover over D, and defines a solid torusL D by an analogous argument to that in the proof of Lemma B.4. Note there are 8 ramification points of index 2 over ∂D, and a straightforward Riemann-Hurwitz computation shows that ∂L R = T 2 .
Analogously to Lemma B.5, the curve γ 1 in Figure B . Theorem B.10. Flipping the triangulation P induces a Dehn surgery onL R , so that the dimension of H 1 (L R , Z 2 ) remains invariant under this surgery.
Proof. Consider the following Mayer-Vietoris sequence, associated toL D and its complement inL R ,
Note that dim H 1 (L R \L D , Z 2 ) is invariant under Dehn surgery, and hence surgery only changes dim H 1 (L R , Z 2 ) if the rank of the first map is different before and after the Dehn surgery. Observe that the kernel of this map is contained in the subspace spanned by the class of a meridian curve. However, since 2l +m =m ∈ H 1 (∂L D , Z 2 ), the rank of this map is unaffected by the Dehn surgery.
Remark B.11. In addition to flipping there is another important operation visible on the level of the torus fibration, conifold transition. This does change the topological type of the Calabi-Yau manifold, and its connection with affine structures was explored by Castaño-Bernard-Matessi in [14] . It follows directly from our analysis in this section that this operation also induces a Dehn surgery on the corresponding real Lagrangians.
